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Abstract 

We show that the 1/8 BPS condition for composite stationary black holes can be 
rewritten as a first order system of differential equations associated to the nilpotent 
orbit in which lie the Noether charges of the black holes. Solving these equations, 
we prove that the most general 1 /8 BPS black hole composites are solutions of the 
M = 2 truncation of the theory associated to the quaternions. This system of first 
order differential equations generalises to the non-BPS solutions with a vanishing 
central charge at the horizon in J\f = 2, 4 supergravity theories with a symmetric 
moduli space. We solve these equations for the exceptional J\f = 2 supergravity 
associated to the octonions. 
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1 Introduction 



Exact solutions of supergravity theories defining effective theories of string theory com- 
pactifications on a six-dimensional manifold are of prime importance for the understand- 
ing of non-perturbative properties of string theory [1]. In particular, the derivation of 
BPS multi-black hole solutions within M = 2 supergravity defining bound states of 
the theory has permitted to explain the mismatch between the enumeration of spher- 
ically symmetric BPS black holes and the one of BPS states within the fundamental 
theory [2, 3]. When considering compactifications on a 6-torus, or K3 x T 2 , or orb- 
ifolds of them, it is possible to interpret certain solutions of the effective theory quantum 
mechanically by mean of string theory computations at weak coupling. In M = 4 su- 
pergravity, the exact degeneracy of 1/4 BPS dyons is determined by an index formula 
[4, 5, 6, 7], which large charges behaviour reproduces the classical Bekenstein-Hawking 
entropy of the corresponding black holes, providing in this way a statistical understand- 
ing of their thermodynamic. The validity of weakly coupled string theory descriptions 
of black hole micro-states at strong coupling is ensured by supersymmetry. It has been 
argued [8, 9] that this non-renormalisation property would be a consequence of the at- 
tractor behaviour of extremal black holes [10, 11, 12, 13, 14], and would thus apply more 
generally to (non-necessarily supersymmetric) extremal black holes. 

The most general BPS solutions are known in general [2, 3, 15], although the absence 
of more general BPS solutions is still conjectural for maximal supergravity [16]. For 
supergravity theories with scalar fields parameterising a symmetric space, the spherically 
symmetric extremal, but not BPS, solutions are by now pretty well understood [17, 18, 19, 
20, 21, 22, 23, 24, 25, 26, 27]. In particular, the 'fake superpotential' which determines the 
radial evolution of the scalar fields has been obtained in general in [28, 29]. For composite 
solutions including several non-BPS black holes, the static Papapetrou-Majumdar type 
solutions are also well understood [25, 30, 31]. However, the much more interesting 
non-static bound states solutions carrying intrinsic angular momentum have only been 
recently obtained for some particular axisymmetric examples within the STU truncation 
of maximal supergravity [32, 33]. If the generalisation of these solutions to more general 
non-axisymmetric configurations seems possible, it is technically very difficult. 

The success in obtaining the most general BPS solutions within the M = 2 super- 
gravity theories is due to the existence of a first order system of differential equations, 
corresponding to the preservation of one-half of the supersymmetry charges, which solves 
the coupled Einstein equations [2]. For spherically symmetric solutions, this first or- 
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der system of differential equations is determined by the 'fake superpotential'. Some 
attempts have been made in generalising the Denef construction to non-BPS configu- 
rations [25, 34], but only static non-BPS solutions have been obtained. In this paper, 
we explain that a natural generalisation of the BPS first order differential equations is 
associated to extremal solutions in the theories admitting scalar fields parameterising a 
symmetric space, which results from the correspondence between extremal solutions and 
nilpotent orbit in Lie algebras. 

The relation between BPS spherically symmetric black holes and nilpotent orbits 
has been first uncovered in [36]. The precise correspondence between the moduli space 
of spherically symmetric extremal black holes and Lagrangian subspaces of associated 
nilpotent orbits has been explained in general in [37]. In [30, 31], this relation has been 
used to characterise the static composite solutions of Papapetrou-Majumdar type, by 
mean of the 'starred' Cayley triplet associated to nilpotent Noether charges. The same 
semi-simple element h of this 'starred' Cayley triplet turns out to characterise the coset 
component of the Maurer-Cartan form P in the spherically symmetric case; and the 'fake 
superpotential' has been derived using the first order equation [h, P] = 2P in [28]. 

In this paper, we will show that this equation is still valid for non-static stationary 
BPS solutions, and is in fact equivalent to the preservation of 4 supercharges in solu- 
tions admitting only point-like singularities. The semi-simple generator h generalises 
the function a introduced by Denef in order to solve the equations of motion in M = 2 
supergravity theories [2]. 

We will first obtain this equation for 1/8 BPS solutions in maximal supergravity. 
Solving it, we will be able to prove that the most general 1/8 BPS black hole composites 
are necessarily defined in a maximal M = 2 truncation of the theory, as conjectured in 
[16]. 

This first order system of differential equations can be generalised to non-BPS black 
hole solutions with vanishing central charges at the horizon in non-maximal supergravity 
theories. As a general example, we write and solve this system in the case of the ex- 
ceptional M = 2 supergravity theory. The only essential data being then the symmetric 
tensor satisfying the adjoint identity which defines the cubic prepotential, the result 
extends straightforwardly to any M = 2 supergravity with a very special geometry. 

Nevertheless, these solutions are rather trivial generalisations of the BPS solutions, 
and this paper is rather a necessary preliminary step toward the derivation of a system of 
first order differential equations for the non-BPS solutions with a non-vanishing central 

1 See e.g. [35] for a thorough introduction to nilpotent orbits. 
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charge at the horizon. Such a system can be obtained from the parameterisation of the 
corresponding nilpotent orbit Lagrangian submanifold; but the determination of regular 
non-static stationary composite solutions solving it is out of the scope of this paper, and 
will only be discuss in a future publication. 

2 i?8(8) invariant stationary equations 

We will first recall some properties of M = 8 supergravity in four dimensions in order to 
set up our notations, which are the same as in [28]. The massless scalar fields take values 
in the symmetric space [38] 

M* = SU C {8)\E 7{7) , (1) 

where SU C (8) is the quotient of ST/ (8) by the Z 2 centre leaving invariant the represen- 
tations of even rank. According to the conventions of [39] (up to normalisation factors), 
we write the coset representative v as 

where little Latin letters are associated to the SU{8) gauge symmetry, whereas capital 
Latin letters refer to the global SU C {8) C E 7 i 7 y They both run from 1 to 8, and raising or 
lowering indices corresponds to complex conjugation {e.g. $ /J = and = (Zy)*). 

The invariant metric on M.^ can be written as 

ds 2 M4 = ^V ijkl V^ kl , (3) 

where 

Vijki = u ij IJ dv m j - v ijU du k i IJ (4) 

are the SU c {8)\E 7 (j) vielbeins, which define automatically a complex self-dual antisym- 
metric tensor by property of the z 7 (j) Lie algebra. 

As explained in [40], the dimensional reduction of M = 8 supergravity along the time 
direction leads to a non-linear sigma model on 

Ml = Spin* c {16)\E 8{8) , (5) 

where Spin* (16) is the quotient of Spin* (16) by the Z 2 subgroup that acts trivially in the 
chiral Weyl representation. To parameterise this space in a way suited to the dimensional 
reduction, recall that the Lie algebra c 8 (s) admits the real five-graded decomposition 

e 8(8) ^ l<- 2 > © © (gl x © e 7(7) ) (0) © 56 (1) © 1 (2) , (6) 
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such that C7(7) is the Lie algebra of the four- dimensional duality group, and sh — 1 ( 2) © 
g[ 1 (0) © 1 (2) the Lie algebra of the Ehlers duality group for stationary solutions. We write 
the generators of e 7(7 ) =su(8)©70 as G/, G ijkl and the ones of sl 2 = 1 ( ~ 2) ©fll/ ' ©1 (2) 
as F, H, E, respectively. The generators of grade 1 and —1 will be written as E/j, E /J 
and Fjj, F IJ , such that they only appear in eg(g) through the combinations 

XjjE ij - X ij Ejj , y>jF /J - Y ij Fjj . (7) 

The negative weight part of the the five-graded decomposition (6) 

p^i^ese^e^eerror (8) 

defines the Lie algebra of a maximal parabolic subgroup C -Es(s)- (8) VP is iso- 
morphic to the Riemannian symmetric space M.3 = Spin c (lG)\E 8 ( 8 ) by the Iwasawa 
decomposition, and to a dense subset of the pseudo- Riemannian symmetric space Ai^. 
A generic element of 577 C (8)\*P may be parameterised as 

V = Ad(v) exp (U H) exp (a F + $/jF /J - $ 7J F 7 j) . (9) 

U is identified as the scale factor in the metric Ansatz 

ds 2 = -e 2U (dt + u^) 2 + e- w lliv dx^dx v , (10) 

and u is defined from the Kahrza-Klein vector uj^ via its equation of motion 

da = -e 4U *du- 1 - ($ /J rf$/j - $/,/d$ /J ) , (11) 

where * is the Hodge star operator on the three-dimensional Riemannian base space 
equipped with the metric 7 M j,. 2 v is the coset representative in (1), and $/j are the 
duality covariant scalars associated to the electromagnetic fields transforming as an anti- 
symmetric complex tensor of SU C (8) C £7(7). The electromagnetic fields can be recovered 
by decomposing $/j in a first step according to a Darboux basis associated to the £7(7) 
symplectic form, as 

'I'/7 0./ • '0./ • (12) 
and then dualising the 28 real fields £jj according to their equations of motion 

diu = -e~ 2U * (diu + 2Re [v ljLJ (u^ KL + v ijKL ) ] d£ KL 

-2Im[ VijI j(u ij KL - v ijKL )]dUi) ~ iuduj , (13) 

2 Strictly speaking, 7 M „ is only Riemannian outside the horizons, and is in fact degenerated at the 
horizon of a non-extremal black hole. 
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such that the 28 vector fields are 

Au = Zu(dt + u)+i I j. (14) 

The associated Maurer-Cartan form decomposes into its coset and so* (16) components 
according to 

dVV _1 = B + P , Bgso*(16), P e e 8(8) 0so*(16). (15) 
A straightforward computation gives 

P = dU H + l -e- 2U (do + % - ($ /J d$ 7J - jd¥ J ) ) (F + E) 

+ (K JJ d$jj - v ijU d¥ J ) (F« - E«) - (u^jtZ*" - v^dQjj) (F y - E y )) 

+ ^ (V J ^m/j - Uij/jduw") , (16) 

where the Cg(8) generators with lowercase indices i, j, ■ ■ ■ satisfy the same commutations 
rules as the ones with capital indices. 

The equations of motion then take the manifestly £3(8) invariant form 

= Tr P M P„ , d* (v^Pv) = , (17) 

where the trace is normalised such that Tr H 2 = 2. The solutions admitting only particle- 
like sources coupled to the electromagnetic fields, i.e. multi-black hole solutions, are 
instantons within the three-dimensional theory. To each black hole corresponds a 2-cycle 
£ in the three-dimensional base space, and the associated e§(8)-valued Noether charge 

Q '^i/ E v ~ lpv - (18 » 

The absence of naked singularities requires that it satisfies the characteristic equation 
Q|s 5 - ^Tr Q| S 2 ■ Q, s 3 + Tr 2 Q| S 2 ■ Q, s = , (19) 

in the 3875 irreducible representation of i?8(8) that appears in the symmetric tensor 
product of two copies of the adjoint representation [37]. In general, the existence of other 
black holes modify the expression of the horizon area and the surface gravity k\y, 
of a given black hole as a function of its charges, as can be exhibited in axisymmetric 
multi-NUT solutions [41]. Nonetheless, for black holes admitting no intrinsic angular 
momentum, their product is still entirely characterised by the charge as 

A| S «| E =47r^TrQ| E 2 . (20) 
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It follows that for extremal black holes, Tr Q|£ 2 = 0, and so from (19) that the Noether 
charge Q| 2 is nilpotent of order five in the 3875 of E 8 ^, 

Q| S 5 = 0. (21) 

Regular black holes with a non-vanishing horizon area are associated to generic Noether 
charges satisfying this condition, for which 

ad 4 Q|E ^ , (22) 

in the adjoint representation. Such charges lie in one of the two nilpotent orbits of -EWs) 
of dimension 114 [37]. These two nilpotent orbits can be distinguished by the semi-simple 
component of the stabiliser of Qi£ inside E 8 ^, which is homomorphic to the stabiliser of 
the corresponding electromagnetic charges Qu inside £7(7) [28], i.e. either E e ^ 2 ) for 1/8 
BPS black holes or E m for non-BPS black holes [42, 43]. 

Several 1/8 BPS black holes can be in equilibrium, such that they define a regular 
stationary solution of Einstein equations [16]. The same will be true for several non-BPS 
black black holes [32, 33]. However, the existence of such solutions is associated to the 
fact that the moduli v permit to interpolate between the electromagnetic charges Qu of 
the different black holes defining the composite. So it is rather clear that two black holes 
of different type (one 1/8 BPS and the other not) cannot be in equilibrium. 



3 1/8 BPS first order system 

It is convenient to decompose Spin* (16) in terms of its maximal compact subgroup U(8). 
Considering a basis of fermionic oscillators to define the spinor representation, the coset 
1-form P can be written [28, 37] 

\P) = (1 + *)(dU - ^e 2U *du + e-Vtf-'idtyij aV+ivy H oVo*o') |0> , (23) 

where ~k is the anti-involution of Spin* (16) that defines the Majorana-Weyl reality con- 
dition, which acts as an SU(8) hodge star operator, and 

v* -'(d^ = Ulj IJ d^jj - v ijU d^ IJ . (24) 

The bosonic component of the supersymmetry transformation of the three-dimensional 
gravitino field is 

<ty£ = V B e\ , (25) 
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and the one of the dilatino field is [37] 

& \x) a = <° a J (ej a t + e M eJa^) \P,) . (26) 

The leading component of P in the asymptotic region of a black hole composite solution 
is spherically symmetric 



(27) 



the angular momentum contribution being subleading. In the neighbourhood of a black 
horizon, it follows from (18) that P is approximately given by 

P ~ -V(x A )Q A V~\x A ) d _ X . (28) 

We conclude that the right-hand-side of (26) factorises in these regions, such that by 
continuity, its vanishing implies 

(ej.Oi + e^efa*) = . (29) 

This is the 1/8 BPS condition for solutions involving only point-like sources (as opposed 
to solutions involving string-like sources [15]). It implies 

iV = (PJP„) = , (30) 

such that 7^ is the Euclidean metric 5^ on M. 3 . Its validity for four spinor parameters 
e l a moreover implies that the latter satisfy the symplectic Majorana condition 

e- + e^4 = 0, (31) 
for a rank two antisymmetric tensor e SU(8)/(SU(2) x SU(Q)) satisfying 

^[ij^ki] = , = 2 , (32) 

such that I\ = O^fcO- 7 is a projector onto a C 2 C C 8 subspace, and 

11$ = e? . (33) 
Using (31) and (33) in (29), one then obtains that 

Qik e -U v t-l^ = p(\ dU _ 1 e ™ *du) , (34) 

J \2 4 / 
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such that the vanishing of (25) simplifies to 

1 .„ 



d B e l Q = De l Q +{-dU+-e 2U *du)e i a = , (35) 
where D is the SU(8) covariant derivative 

De^ = K ~ \ {u ]k IJ du ik u - v jkIJ dv ikIJ ) e{ . (36) 
Using the Bianchi identity 

dB + B 2 + P 2 = , (37) 

and the fact that (29) implies that P 2 leaves e l a invariant as an 50* (16) generator, we 
conclude that the Killing equation (35) is integrable, 

d B 2 e j a = 0. (38) 

The compatibility of the Killing spinor equation (35) and the reality condition (31) implies 
that the tensor f^- satisfies the differential equation 

Dn i:j + -e 2U * du Qij = . (39) 

This equation together with 

(iy + Wa,j)\P) = , (40) 

defines a system of first order differential equations that solve the Einstein equations (17) 
and implies that the corresponding solutions are 1/8 BPS. 

The aim of this paper is to understand this first order system of differential equations 
independently of supersymmetry, in terms of a 'stared' Cayley triplet associated to the 
nilpotent orbit in which lie the Noether charges Q|s- 

Using the identity 

VL ij a i a j - Q^diCLj = 2 + Vt ij a i {a j + Vt jk a k ) - Q ij ai(aj - Q jk a k ) , (41) 
one obtains that the BPS condition (40) can be rewritten as 

h\P) = 2\P) , (42) 

for the so* (16) generator 

h = <>,y/V - tt^aidj (43) 
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satisfying (39). 

It follows that for 1/8 BPS solutions, not only the Noether charge Q|s lies inside 
the nilpotent orbit of -E^s) characterised by the semi-simple stabiliser i?6(2), but the 1- 
form P itself lies inside the Lagrangian submanifold of this nilpotent orbit defined by its 
intersection with the coset component e§(s) 0so*(16) 

\P) e Spin* c (16)/(SU(2) x SU(6)) x ((2 ® 6) (2) © R (4) ) , (44) 

and in particular, P M 5 = in the 3875 representation for all /x = 1, 2, 3. 

Written in this way, the first order system can be defined independently of super- 
symmetry as the requirement that P belongs to the intersection of the nilpotent orbit 
of E 8 ( S ) with the coset component e 8 ( 8 ) 0so*(16) defined by the generator h. Equation 
(39) can then be reinterpreted as a consistency condition for h\P) = 2\P). Writing B in 
terms of fermionic oscillators as 

i . r , , 1 



+ - {u jk IJ du ik u - v jkIJ dv ikIJ ) [a j , en] , (45) 

one has the consistency conditions 

(dh- [B,h]) A \P) = 0, (dh-[B,h])*\P) = , (46) 

that follow form the equation of motion and the Bianchi identity, respectively. Using 
(34), one obtains that 

dh - [B, h] = (pttij + % -e 2U * dejecta? - ^DQ ij - % -e 2U ★dwfi iJ ')a i a j 

- -e 2U * du Vt ij (di + il ik a k ) (ctj + Qjia 1 ) , (47) 

where the last term is a generator of grade 4 with respect to h, 

[h, U ij (a, + VL ik a k ) fa + n jt a l )]= 4 Vt lj ( ai + tt ik a k ) (^ + tt jia l ) , (48) 

and therefore does not contribute in (46), such that one recovers (39). 

The advantage of this formulation is that it will be then easily generalised to non-BPS 
solutions with saturated charges in less supersymmetric theories, such as the non-BPS 
solutions of M = 2 supergravity with a vanishing central charge at the horizon, = 0. 
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4 The solution 



To solve this system of equations, let us consider in a first step the integrability condition 

h 2 \P}=4\P), (49) 

to Equation (42). It implies that 

2/ [ y- 1 (cZ$) i]fe + a^V-^V = , 21* V Mp + 3%£F? V kl]pq = , (50) 

or in other words, that within the decompositions 

28 = C©2©6©15, 70 = (2 © 20) R © 15 , (51) 

associated to the stabiliser subgroup 577(2) x 577(6) C 5£/(8) of f^-, the component of 
?/ _1 (d$) in the 2 © 6 and the component of in the (2 © 20)ir vanish. 

Looking at equation (39) one sees that the only way the projector l\ = fl^n^ can 
vary over space-time is if the SU(8) connexion \ujk IJ du lk u — Vjkijdv lkIJ admits a non- 
trivial component in the 2 © 6 of the stabiliser subgroup SU{2) x SU(6) of flij. 

The solution is by hypotheses asymptotically spherically symmetric at leading order 
(27), and the corresponding three-dimensional geometry is flat. Defining spherical co- 
ordinates r, 6, tp, one can solve the equations of motion perturbatlively in 1/r. At first 
order in 1/r, the solution is identical to a spherically symmetric black hole solution, 
therefore Qij is constant at this order and v is an element of the Spin* (12) subgroup 
associated to the M = 2 truncation determined by Qij. It follows that at this order, 
the SU(8) connexion is an element of u(6), and only the phase of fijj can be modified 
at second order in 1/r. Using (50), one concludes that the scalar fields still lie in the 
same Spin* (12) subgroup at second order in 1/r. Recursively, one concludes that If is 
a constant over space-time, and that the 1/8 BPS solutions of maximal supergravity are 
also 1/2 BPS solutions of the M = 2 truncation of the theory associated to l\ and the 
asymptotic value of the scalar fields. 

This establishes the result argued in [16], i.e. the most general 1/8 BPS multi-black 
hole solutions of maximal supergravity can be obtained by embedding the Denef solu- 
tions of the M = 2 supergravity associated to the magic square corresponding to the 
quaternions [44], which bosonic sector is identical to the one of M = 6 supergravity. 

Let us discuss these solutions more explicitly within maximal supergravity. The direct 
generalisation of Denef Ansatz for the electromagnetic fields [2] is 

$ 7J = l -e u (>'•',./<>,, + r, iU {y>) , (52) 
10 



in terms of which the equation of motion of $/j reduces to 

+6"^ * (Ufiy + ^e 2C/ * du - Viju (DQ lj - l -e 2U * rfw ) = , (53) 

such that using (39), 

d * d( e~ u (>''/./<>,, - %xj^')) = , (54) 

and Ojj is defined in functions of, a priori, 56 harmonic functions %u on M 3 as 

fiy = 2e u (ui^Hu + v ijLJ H IJ ) . (55) 

However, Equation (50) implies that the harmonic functions 1-L IJ must satisfy the 24 
constraints 

2i^v(dn) j]k + n i3 n kl v(dn) kl = o . (56) 

which restrict the number of independent harmonic functions to the 32 functions of the 
corresponding M = 2 truncation. 

The existence of an £7(7) transformation relating Hu to a tensor Qjj satisfying (32) 
requires the quartic E 7 ^ invariant 

0(H) = 16 (u IJ H JK U KL U LI - ^{U LJ H IJ ) 2 + 4 (Pfaff (H) + Pfaff (ft)) ^ > , (57) 

to be strictly positive on M 3 . In such attractor submanifold 

M BPS = (SU(2) x SU(6))\E m c M 4 (58) 

of E-j(j) elements satisfying this condition is guarantied to exist [43, 45], which corresponds 
to the minimum of the 1/8 BPS fake superpotential W = £l t3 v(7€)ij. The condition 
= can be written in terms of 

v(H)ij = u l3 1J Uu + v ijU H IJ , (59) 

as the algebraic equation 

v(H) [ij v(H) kl ] = , (60) 

which is manifestly consistent with (32) and (55). Differentiating this equation, one 
obtains that 

V ijkl v(H) kl + v(dH) l3 + 2I$v(dH) j]k + ^n tj n kl v(dU) kl = , (61) 
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and the normalisation condition implies 



e~ 2U 



2v(H) ij v(H) ij = v/p) • (62) 



ijkl 



Differentiating the latter expression with respect to the harmonic functions Jiu, one 
obtains 

$/J - 2oM ' (63) 

which determines the scalar fields up to 40 functions parameterising the attractor mani- 
fold -M B ps associated to Hij. Condition (50) gives furthermore 

"^=y (<U) [l3 v{dU) kl] + ^e ljklmnpq v{n) mn v{dnr) , (64) 

such that Vijki is zero in the associated flat directions, and these 40 functions are deter- 
mined in function of the value of the moduli v in the asymptotic region. Note that flij 
varies only through its overall phase, which is itself fixed by choosing a gauge for the 
scalar fields. 

One can now check that this solution is compatible with the Killing spinor equation 
(39), 

= D(e u v(H) ij ) + l -e zu *duv(H)ij 
= e u ((dU + % -e 2U * du)v{U)ij + V ijU v{U) kl + v{dU)i 

= e 3U (^*duj + H IJ dH u - HudH IJ }v{U)ij (65) 
where we used the £7(7) invariance of the symplectic form in the last line, i.e. 

v(H) ij v(dH) i:j - viKji^dUf = H IJ dn u - H u dn IJ . (66) 

This gives the first order equation 

duj = 2i * (u 1J dUu - U u dU IJ ^ . (67) 

In order to check the compatibility of this solution with equation (42), it is convenient 
to use the Ansatz (52), and the Killing spinor equation (39) to rewrite \P) as 

\p) = (1 + *)(dU - % -e w ~kduj-e v {y{dn)ij + ie 2U * duvCH)^) aV 

+l^. w a < oW) |0>. (68) 
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One checks indeed that the solution satisfies the condition h\P) = 2|P). 

The general solution is therefore defined in function of 32 harmonic functions 

H " = £ + \ - v oijIJ £i>) , (69) 

\X X a\ z 

A 1 

where the Qfj are the electromagnetic charges of the black holes constituting the com- 
posite solution, v is the asymptotic value of the moduli and Q oi j is the asymptotic tensor 
associated to the 4 asymptotically preserved supercharges. 

Note that the problem of determining the allowed asymptotic value of the scalar 
fields for which the solution exists reduces to the problem of determining them within 
the M = 2 truncation. Indeed, any element of £7(7) can be written as the product 
of an element of SU(8) C , an element of £^(2) an d an element of Spin* (12); and, both 
the harmonic functions and the equations (4) determining the scalar fields (up to this 
constant value in -M B ps), are invariant with respect to an Eq( 2 ) left multiplication of v 
leaving invariant fi 0i j. 3 It follows that only the Spin* (12) factor is constrained. 

Q ij is itself determined in function of the asymptotic moduli v and the electromag- 
netic charges such that 

Z oij = ^2(u oij IJ Qfj + v oijI jQ AlJ ) =^(Mn oij + Pl ni j + p^ j + Pi %^ , (70) 

A 

where are orthonormal tensors of rank two defining with Q ij the standard skew 
diagonalisation of the asymptotic central charge Z ij, such that M is the ADM mass of 
the solution, which satisfies 

M > Pl > p 2 > p 3 • (71) 

In order to avoid Dirac-Misner string singularities, one must also make sure that the 
form oj is globally defined on M 3 , such that 

= dduj = 2i (H IJ d * dUu - Hud ★ dU IJ ) , (72) 

which requires the absence of NUT charge at each centre [2], i.e. 

£ QAIJQ "-_ Q " QBIJ = 1 (n« v^Q^ij - n oij v {Q A f) . (73) 

\X A Xg \ A \ / 

By±A 

3 The i?7(7) left multiplication is not a symmetry of the theory as opposed to the right multiplication, 
however the £'6(2) left multiplication is a symmetry of the 1/8 BPS solutions. 
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These conditions determine the relative positions of the the black holes which do not 
preserve the same 4 supercharges at their respective horizons. The explicit form of uj can 
then be computed as in the case of M = 2 supergravity to be [2] 



Q AlJ Qfj - QfjQ BlJ 



4 Jb T3 \ \Jb Jb A \ \Jb Uj f 





x - 


X a 




X X $ 




X A Xg 




\x — 


%B \ 


Fa ' 


- x. 


3 


+ (x 


— X 


b) ' \%A ~ 


' X B ) 



£ fiua \X^a x^g){x x B )dx . (74) 

Each term in the sum is a smooth 1-form over M 3 , and in particular, u is regular in the 
neighbourhood of each horizon such that the black holes do not carry intrinsic angular 
momentum. 4 However, space-time does carry a non-zero angular momentum 

J„, = E (QuQ BlJ - Q aIJ Qij) • (75) 

£1 \ / \X a X f>\ 



A<B 



5 non-BPS black holes with saturated charges 

By truncation, these solutions reduce to general 1/4 BPS composites in M = 4 super- 
gravity [15], or 1/2 BPS composites in M = 2 supergravity [2, 3]. One can as well obtain 
non-BPS solutions as long as they correspond to charge configurations with a strictly 
positive quartic invariant, which is equivalent to the property that the Bogomolny bound 
is saturated, 

M ADM = max[|Z„|] . (76) 

This is for example a property of the non-BPS black holes with a vanishing central charge 
at the horizon in M = 2, 4 supergravity. We will now explain how such solutions can be 
obtained in the exceptional M = 2 supergravity theory. 

The exceptional supergravity theory admits scalar fields parameterising the symmetric 
space 

M 4 = (17(1) x E 6{ _ 78) )\E 7{ _ 25) , Ml = (SL(2, E) x E 7( _ 25) )\E 8{ _ M) . (77) 

in four and three dimensions, respectively [44]. The electromagnetic charges transform 
in the 56 of £ , 7 (_ 25 ), which decomposes as C © 27 with respect to U(l) x _E 6 (_ 78 ), with 
27 being the complex fundamental representation of E e f 78 y 



The local notion of angular momentum is hardly definable in general relativity, and what we mean 
is that the black holes do not carry ergospheres disjoint from their horizons, and that the induced metric 
on each horizon is spherically symmetric. 
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Before to consider the system of first order differential equations, let us fix our con- 
ventions by relating the special Kahler and the symmetric geometry of the moduli space 
.M4. We will represent the scalar fields by both their Ej(_25) representative v and the pro- 
jective coordinates z % associated to the special Kahler geometry. The relevant quantities 
will be the central charge Z and the matter charges Z a , which are defined as [46] 

Z = v(q,p) = e% (q B + z\i + \c ijk z i z j p k - \c ijk z i z i z k p° 



Z a = v(q,p) a = -±=V; (dt + ±dJC)Z, (78) 

where V a * and its complex conjugate V ia are the inverse vielbeins 

V:V 3 a = 5) , V ia V Ja = 5] , V?V- ia = didJC , (79) 
and K, is the Kahler potential defined in function of the Eq^_ 2 q) invariant Cij k as [47] 

K = -\n(^c ijk {z i -z l ){zi -zi){z k -z*)) . (80) 

The Kahler derivative and the corresponding Kahler spin-connexion are defined on the 
charges as 

DZ = dZ + - (dilCdz' - dJCdz*) Z , 

DZ a = dZ a + ^ (diKdz 1 - d-Xdz") Z a + {Vj a d i V Jh dz i - Vj'd^dz') Z b . (81) 

The vielbeins Vf are constrained such that these derivatives are covariant with respect 
to U(l) x E 6 (_ 78 y They satisfy the E 7 r_ 2 s\ Bianchi identities 

DZ = 2V a Z a , DZ a = V a Z + 2t abc V b Z c , (82) 

where V a is the coset component of the Maurer-Cartan form dvv~ l , 

V a = -^=V, a dz* , (83) 

and t abc is the symmetric invariant tensor of £?g(-78)) normalised such that the 'adjoint 
identity' [47] reads 

3t g { ab t cd } h t 9he = 25(ahcd} ■ (84) 

The consistency between the Bianchi identities (82) and the special geometry identities 
[48] implies that the vielbeins V°~ relate the cubic E 6 (_ 2 6) invariant c^ k to the cubic -E 6 (_ 78 ) 
invariant t abc through 

t abc = -±=e K c ljk V:V>V c k . (85) 
15 



The vielbeins V°" are determined from this condition and the Kahler potential up to a 
£?6(-78) local left multiplication. The electromagnetic fields £ A , £a are associated to the 
charges q\=(qo,qi) and p A =(p° ,p l ), respectively. We define v*' 1 ^) and v t ~ 1 (d^) a such 
that 

<?Ad£ A +p A d£ A = Zv*-\di) + 2Z a v t -\dC ja + 2Z a v t -\dCj a + Zv'-^dt) . (86) 

The non-BPS extremal solutions with a vanishing central charge at the horizon, Z* = 
0, are characterised by a Noether charge Q|s in the nilpotent orbit of i?8(-24) which 
intersects the coset component e 8 (_24) (sh © *7(-25)) on the Lagrangian 

SL(2,R)xE 7{ . 25) £ 8( _ 24) 

(SO(2) x Spin(10)) x ((2 <g> 16)< 2 > © 1«) £ 6 (-i4) x (27 (2) © 1< 4 >) x R ' 1 ' 

in which lies the coset 1-form P. The generator h € e 7 (-25) associated to the nilpotent 
representative P, defines the following three-gradded decomposition of e 7 (_ 2 5), 

e 7( „ 25) l ( - 4) © 32 ( - 2) © (fllj © 50(2, 10)) (0) © 32 (2) © 1 (4) . (88) 

h is a non-compact generator in the 27 of the maximal compact subgroup U(l)x _E 6( _ 78 ) C 
^7(-25) which coefficients f2 a satisfie 

t afec fi b fi c = o , n a n a = 2 . (89) 

These equations generalise (32), and the first corresponds as well to the constraint sat- 
isfied by the charge Z* a at the horizon. Using the E 6 (_ 78 ) identity (84), one shows that 
Q a defines the three projectors 

\n a n b , 5 b a - \n a n b - t ace t bd ^n d , t ace t bd ^n d , (90) 

associated to the decomposition of the 27 of -E 6( _ 78 ) into the representations C (4) ©16 (1) © 
10 ( 2) of the stabiliser subgroup U(l) x Spin(10) C #6(-78) oi Q a . 

The first order system of differential equations associated to the extremal solutions 
of this type is then defined by [h, P] = 2P, which reads 

dU + l -e 2U *du = Q* e - U v* - 1 (dg) a , 

e-V- 1 (de)«=in«(^+5*dw) +t abc tt b V c , e- u v t - 1 {d£) = Sl a V a , 

V a = ^e-V- 1 ^) + t ab( n b e- u v^{di) c , (91) 
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with f2 a satisfying the equation 

DQ a - % -e 2U *duVL a = (92) 

where D is the covariant derivative (81). 

The integrability condition [h, [h, P]] = 4P gives 

«'"'(<£).= \nan h v>-\dO„ + t^sm, »-'(<*£)» , 

v a =ln^v b + t ^n dVi , (93) 

which is the condition that the component in the spinor representation of U (1) x Spin(10) 
vanishes for both v t ^ 1 (dC,) a and V a . As for maximal supergravity, one concludes that the 
scalar fields take value in a subgroup SX(2,R) x ?2 Spin(2, 10) C £V(_25) an d that only 
the phase of Q a varies over space-time. Such solutions are therefore 1/2 BPS solutions of 
the M = 2 supergravity which bosonic sector is defined by scalar fields parameterising the 
symmetric space SO(2)\SL(2, R) x (SO(2) x SO(10))\SO(2, 10), and 12 electromagnetic 
fields in the vector representation of 5*0(2, 10). 

With the same reasoning as in the previous section, one obtains from the Ansatz 



nU d(n a z a + n a z a ) ~ = cU d(n a z a + n a z a ) 

dq\ dp A 



that 



fi a = 2e u v{U) a , (95) 

for harmonic functions %a, % A which admit Ee(-u) C E 7 ^ 2 5) as a stabiliser subgroup, 
such that the scalar fields lie in their attractor manifold, or equivalently 

t abc v(U) h v(U) c = , v(H) = . (96) 

Provided that the harmonic functions and the scalar fields moreover satisfy the constraint 
that 

v(dH) a = ^n a n b v(dn) b + t ace t bde n c n d v(dn) b , (97) 

which is the statement that the component of v(d / H) a in the spinor representation of the 
17(1) x Spin(10) C -E 6 (_ 78 ) stabiliser subgroup of v (H) a vanishes; one has the solution 

e~ 2U = 2v(U)%{U) a = JW) , 

A= 1 80(H) ~ 1 0O(7fl 
? 2§{U) &H A ' U 20(H) &H A ' 

dg A -2^/W)\~mr + M J' (98) 
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where the scalar fields are only determined up to 32 functions parameterising the attractor 
manifold 

-M non -BP S = (U(l) x Spin{10))\E 6{ _ 14) , (99) 

which are themselves determined in function of the asymptotic values of the scalar fields 
by the condition 

V a = -e 2U v(H) a v{dU) - 2e 2U t abc v(H) b v(dH) c . (100) 

The Kaluza-Klein vector is determined as in the BPS case by 

doo = *(H A dH A - H A dH A ^ . (101) 

In order to obtain the explicit solution in the projective coordinates, it is convenient 
to decompose z l according to the irreducible representations R (4) © 16 (1) © 10 ( 2) of the 
subgroup OL(l,R) x Spin(l,9) C E 6 ^ 2 6) associated to the truncation. Without lost of 
generality, we consider that the coordinates in the spinor representation vanish identically, 
such that only a scalar z parameterising SO(2)\SL(2,M.) and an 50(1,9) vector z 1 
parameterising (5*0(2) x SO(10))\SO(2, 10) are non-zero. The Kahler potential then 
reduces to 5 

lC = -ln\ l -7 llJ (z-z)(z I -z T )(z J -z J )\ , (102) 
where rju is the 50(1,9) metric, and 

Z(z, z 1 ) = e% (q + zq, + z 1 q 1 + i^/ / J2 / 2; J p ^ + 7] IJ zz I p J - \mjzz 1 z J p°^j . (103) 

Using this formula, one computes that 

Q a Z a (z, z 1 ) =-{z-z) e-f ^ [fZ) = Z(z, z 1 ) . (104) 

where Q oa is the asymptotic value of Q a which defines the truncation. Substituting the 
expression of Vt a Z a = e~ ia Q% Z a (z, z 1 ) in (98), one obtains that 

z = mu %n z i = mu + m (1Q5 v 

dHo n &H, ^ bri 

such that the solution is the same as in the BPS case [3, 16], up to the substitution of 
z 1 to z 1 . The scalar fields are ensured to lie in the appropriate domain defining MI4 



5 The argument being positively defined on the domain covered by the coordinates z, z 1 [47], the 
absolute value is redundant. However, it is required for equation (104) to be correct. 
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from the constraint that the harmonic functions admit -E^-u) as stabiliser subgroup of 

#7(-25)- 

This property can be understood as follows. The involution i defined by the PT 
transformation in S(Pin(l,2) x 0(2, 10)), 

Qi, Qi) = (lo, -qi, qi) , t(p°, p\ V 1 ) = (-P°, p\ -P 1 ) , (106) 

defines an isomorphism between inequivalent orbits of SL(2,M) x 50(2, 10) of stabiliser 
50(2) x 50(10), which preserves the quartic invariant (}(q,p). For trivial values of the 
scalar fields corresponding to the STU truncation with 5 = T = U = i, one computes 
that if Z a (q,p) = 0, then Z(t(q), t(p)) = and Z a (t(q), i(p)) = ^Z(q,p)Q oa , such that in 
general, this involution maps charges of stabiliser subgroup -E , 6 („ 78 ) to charges of stabiliser 
subgroup -E , 6(-i4) i n ^7(-25)- This involution extends to an involution acting on the 
solutions as 

i(T-L 0) Hi) = ("Ho, —^H-ii Hi) , t(T-L" , H\ H ) = (— H" , H 1 , —H 1 ) , 

l*z = z , i*2 7 = ^ 7 , (107) 

which preserves the BPS first order system of differential equations, although does not 
preserve the BPS condition itself, similarly as in [34]. One can then check using (105) 
that 

l*z(l(H)) = -z(H) , l*z\l(U)) = z\U) , (108) 

such that the domain of definition of z 1 is obviously preserved, and the imaginary part 
of z remains strictly positive. 

This involution acts on the Noether charge Q|s as a PT transformation in 5(0(2, 2) x 
O(2,10)) C 50(4,12), 

t(M, 0, q , q u q u p\ p\ p 1 , S, £') = (M, -0, q , -q u Ql , -p\ p\ -p 1 , — E, S 7 ) . (109) 

The action of the Z2 centre of 50(4,12) on so(4, 12) indeed defines an isomorphism 
between the two inequivalent nilpotent orbits of the connected component of 50(4, 12) 
of reducible stabiliser 50(2) x 50(10) [49] corresponding to the BPS and the non-BPS 
solutions with = Z\ = 0, respectively, as discussed in [28] in the STU model. 
Note finally that 

l*U(l(U)) = U{H) , l*u){l{H)) = -u{U) , (110) 
such that the involution acts on the space-time geometry as a parity transformation. 
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